Abstract. The notion of uniform equicontinuity in measure at zero for sequences of additive maps from a normed space into the space of measurable operators associated with a semifinite von Neumann algebra is discussed. It is shown that uniform equicontinuity in measure at zero on a dense subset implies the uniform equicontinuity in measure at zero on the entire space, which is then applied to derive some non-commutative ergodic theorems.
Introduction and preliminaries
Let (Ω, μ) be a measure space. Denote by L 0 (L) the set of equivalence classes of all (respectively, almost everywhere finite) real or complex valued measurable functions on Ω. If X is a given set and a n : X → L, n = 1, 2, ..., let
The function a : X → L 0 is called a maximal operator associated with the family {a n }. Now let (X, · ) be a normed space, a n : X → L a sequence of additive maps, and τ μ the measure topology in L. The τ μ -continuity of a at zero means that, for any given > 0, δ > 0, it is possible to find such γ > 0 that x ∈ X and x < γ would imply that there exists a measurable set E ⊂ Ω for which the conditions μ(Ω \ E) ≤ and a (x)χ E ∞ ≤ δ hold. (Here · ∞ is the uniform norm in L ∞ = L ∞ (Ω) and χ E is the characteristic function of the set E.)
Proof. It is enough to show and easy to see that, given λ > 0, sup n a n (x)χ E ∞ > λ if and only if a (x)χ E ∞ > λ.
Therefore, τ μ -continuity at zero of the maximal operator associated with a sequence of additive maps a n : X → L is, in fact, the uniform equicontinuity in measure of the family {a n } at zero. This will allow us to extend the notion of τ μ -continuity of the maximal operator at zero to the non-commutative setting (see the definition below). The importance of this notion can be illustrated, for example, by the fact that τ μ -continuity at zero of the maximal operator associated with a sequence a n : X → L of additive maps implies that the set {x ∈ X : {a n (x)} converges almost everywhere} is closed in X (see, for instance, [4] , p. 3; also [6] , Theorem 2). Thus, almost everywhere convergence of the sequence {a n (x)} for every x in a dense subset of X entails its convergence for all x ∈ X.
Let (H, (·, ·)) be a Hilbert space, · 0 = (·, ·) 1/2 , B(H) the algebra of all bounded linear operators in H, and I the unit of B(H). Assume that M ⊂ B(H) is a semifinite von Neumann algebra equipped with a faithful normal semifinite trace τ . We denote by P (M ) the complete lattice of all projections in M and set e ⊥ = I − e whenever e ∈ P (M ). If {e i } i∈I ⊂ P (M ), then i∈I e i is the projection on the subspace i∈I e i H.
A densely-defined closed operator x in H is said to be affiliated with the algebra M if x x ⊂ xx for every x ∈ B(H) such that x x = xx for all x ∈ M . An operator x affiliated with M is called τ -measurable if for each > 0 there exists such an e ∈ P (M ) with τ (e ⊥ ) ≤ that the subspace eH belongs to the domain of x. (In this case of course xe ∈ M .) Let L = L(M, τ ) be the set of all measurable operators affiliated with the algebra M . Denote · ∞ as the uniform norm in B(H). The topology t τ defined in L by the family 
where |x| = (x * x) 1/2 , the absolute value of x. Naturally, L ∞ = M . In what follows, we shall use the following well-known properties of non-commutative L p -spaces without reference:
If X ⊂ L, we denote
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The following fundamental result of Kadison [9] will be used extensively in the sequel.
Theorem 1.1 (Kadison's inequality). Let a : M → M be a positive linear map such that a(I)
≤ I. Then a(x) 2 ≤ a(x 2 ) for every x ∈ M h .
Uniform equicontinuity in non-commutative setting
Let X be any set. If a i : X → L, i ∈ I, and e ∈ P (M ) are such that
Definition 2.1. Let (X, · ) be a normed space and X 0 a subset of X such that 0 ∈ X 0 , where 0 is the neutral element of 
, there is such a γ > 0 that for every x ∈ X 0 with x < γ there exists e ∈ P (M ) for which
. Remark 2.1. As we explained in the previous section, in the commutative case with a countable I, the notion of uniform equicontinuity (bilateral uniform equicontinuity) in measure at 0 of a family {a i } i∈I reduces to τ μ -continuity at zero of the maximal operator associated with this family.
Lemma 2.1 ([2, Lemma 1.6]). Let (X, +) be a semigroup, and let a n : X → L be a sequence of additive maps. Assume that x ∈ X is such that for every > 0 there exist a sequence {x k } ⊂ X and a projection e ∈ P (M ) such that the following conditions hold: Proof. We shall consider the case of b.a.u. convergence; proof for the a.u. convergence is similar.
Fix > 0. Since the family {a n } is b.u.e. at zero on X, for every given k ∈ N, there is such a γ k > 0 that x ∈ X and x < γ k imply that it is possible to find e k,x ∈ P (M ) for which
Consequently, Lemma 2.1 yields x ∈ C.
Let a positive linear map α :
The following theorem due to Yeadon [12] plays an important role in this article.
Theorem 2.2.
If the maps a n :
and ν > 0, there is such an e ∈ P (M ) that 
Proof. Fix > 0 and δ > 0, and let ν > 0 and γ > 0 be such that 2ν 1/2 ≤ δ and 
implying that a * (x, e) ≤ δ.
Reduction to a dense subset
In this section we will show that the problem of determining whether a sequence of t τ -continuous additive maps is u.e.m. (b.u.e.m.) at 0 on a given set can be reduced to considering a dense subset of this set. Proof. We employ the scheme of the proof of closedness of the sets X L,k in [3] , Theorem 2.7. Fix > 0 and δ > 0. Since {a n } is b.u.e.m. at 0 on X 0 , there exists a γ > 0 such that for every x ∈ X 0 with x < γ it is possible to find a projection e x ∈ P (M ) satisfying
Take any x ∈ X 0 , x < γ. As |a n (x) 1/2 e x | 2 = e x a n (x)e x ∈ M , we have |a n (x) 1/2 e x | ∈ M , hence a n (x) 1/2 e x ∈ M , for every n, so we can write
Pick x ∈ X 0 such that x < γ. Then there is a sequence {y m } ⊂ X 0 for which we have x − y m → 0 and [11] . Therefore, due to Proposition 3.1,
for some subsequence {y (1) m } ⊂ {y m }. By the same argument, one can find a subsequence {y (2) m } ⊂ {y
1/2 a.u. Repeating this procedure, given n ≥ 3, we choose a subsequence
} for which the convergence a n (y (2) sup
Since the unit ball of M is compact in the weak operator topology, there are a subnet {e α } ⊂ {e m } and b ∈ M such that e α → b weakly. Then we clearly have 0 ≤ b ≤ I. Moreover, by the well-known inequality (see [1] , for example),
Show that sup n a n (x)
For that, fix n and denote a n (x) 1/2 = z and a n (x m )
Let us show first that p k zb ∞ ≤ √ δ/2 for any fixed k. Pick ν > 0 and find m 0 such that
Next, fix ξ, η ∈ H such that ξ 0 = η 0 = 1. Since e α → b weakly, we can find such an index α(ν) that
Furthermore, because {e α } is a subnet of {e m }, it is possible to choose an index α(m 0 ) for which {e α } α>α(m 0 ) ⊂{e m } m≥m 0 . In particular, if α 0 ≥ max {α(ν), α(m 0 )}, then e α 0 = e m 1 for some m 1 ≥ m 0 . It follows now from (2)- (4) that
Remembering that ν > 0 was taken arbitrarily, we arrive at
As p k → I weakly, p k zb → zb weakly, and we obtain 
Finally, we can write
thus, the family {a n } is b.u.e.m. at 0 on X 0 .
Repeating the procedure in the proof of Theorem 3.1 with obvious simplifications, we obtain the following. Theorem 3.2 (cf. [7] , Theorem 3.1.1). Let X be a Banach space, and let a n : X → (L, t τ ) be a sequence of continuous additive maps. If the family {a n } is u.e.m. at 0 on a set X 0 ⊂ X, then it is also u.e.m. at 0 on the closure of X 0 in X.
Individual ergodic theorems
Individual ergodic theorems in L p -spaces associated with a semifinite von Neumann algebra for 1 < p < ∞ were established in [8] as an application of their maximal ergodic inequalities. Note that the settings of [8] seem to be different from that of [12] : a map α in [8] is initially defined on M , and it is assumed that α(x) ∞ ≤ x ∞ for each x ∈ M ; whereas in [12] α is initially defined on L 1 , and it is shown that it can be uniquely extended to an ultra-weakly continuous map on M . In what follows we show how such ergodic theorems, in the set-up of [12] , can be obtained directly from Theorem 2.2 with the help of Kadison's inequality and Theorems 3.1 and 3.2. Everywhere in this section, unless specified differently, 1 ≤ p < ∞.
We start with the following. 
Thus, the assertion holds.
Assume now that the family {a n } is always given by (1).
Proof. Proof. Since the map α generates a contraction in the real Hilbert space L 2 h = {x ∈ L 2 : x * = x}, where (x, y) τ = τ (xy), x, y ∈ L 2 h , it is easy to verify that the set
. Besides, the sequence {a n (x)} converges uniformly, hence a.u., for every x ∈ H 0 .
Next, by Proposition 4.1, {a n } is u.e.m. at 0 on (L 2 h , · 2 ). Therefore, Theorem 2.1 implies that the averages a n converge a.u. for all x ∈ L 2 h , hence for all x ∈ L 2 . Thus, it only remains to notice that its limitx ∈ L 2 (see, for example, [3] , Remark 2.4 and Theorem 1.2). Now we can present an alternative ending of the proof of the main result of [12] .
Theorem 4.2. [12]
For each x ∈ L 1 , the averages (1) converge b.a.u. to somê x ∈ L 1 .
